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A space X has the Collins–Roscoe property if we can assign, to each x ∈ X , a family G(x) of
subsets of X in such a way that for every set A ⊂ X , the family ⋃{G(a): a ∈ A} contains
an external network of A. Every space with the Collins–Roscoe property is monotonically
monolithic. We show that for any uncountable discrete space D , the space Cp(βD) does not
have the Collins–Roscoe property; since Cp(βD) is monotonically monolithic, this proves
that monotone monolithity does not imply the Collins–Roscoe property and provides an
answer to two questions of Gruenhage. However, if X is a Lindelöf Σ-space with nw(X)
ω1 then Cp(X) has the Collins–Roscoe property; this implies that Cp(X) is metalindelöf and
constitutes a generalization of an analogous theorem of Dow, Junnila and Pelant proved for
a compact space X . We also establish that if X and Cp(X) are Lindelöf Σ-spaces, then the
iterated function space Cp,n(X) has the Collins–Roscoe property for every n ∈ ω.
© 2012 Elsevier B.V. All rights reserved.
0. Introduction
Given an inﬁnite cardinal κ , a space X is called κ-monolithic if nw(A)  κ for any A ⊂ X with |A|  κ . The space X
is monolithic if it is κ-monolithic for any inﬁnite κ . These concepts, introduced by Arhangel’skii in [2], proved to be very
useful both for the theory of cardinal invariants and Cp-theory. Arhangel’skii proved in [2] that Cp(X) is κ-monolithic if
and only if X is κ-stable and X is κ-monolithic if and only if Cp(X) is κ-stable. Since every Lindelöf Σ-space is stable [3,
Theorem II.6.21], it follows that Cp(X) is monolithic whenever X is a Lindelöf Σ-space. Also, Cp(X) is ω-monolithic if the
space X is pseudocompact or Cp(X) is Lindelöf Σ .
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a monotonically monolithic space has the D-property. It was also shown in [16] that Cp(X) is monotonically monolithic for
any Lindelöf Σ-space X and every space with a point-countable base is strongly monotonically monolithic. In particular, any
metrizable space is strongly monotonically monolithic. Therefore the class of monotonically monolithic spaces is reasonably
large; it was also established in [16] that it has nice categorical properties, e.g., monotone monolithity is preserved by
countable products, subspaces and closed maps. In the paper [1] monotonic κ-monolithity was introduced for any inﬁnite
cardinal κ ; it was proved, in particular, that monotone κ-monolithity is preserved by countable products and σ -products.
Another result in [1] states that under the Continuum Hypothesis, every strongly monotonically ω-monolithic space with
caliber ω1 is second countable.
It was asked in [1] whether every monotonically ω-monolithic compact space is Corson compact. Gruenhage gave in
[12] a positive answer to this question; he also considered in [12] a property introduced by Collins and Roscoe in [5]. It
turned out that every Gul’ko compact has the Collins–Roscoe property which, in turn, implies monotone monolithity so it
was asked in [12] whether these two properties coincide. Gruenhage also pointed out that it was not known whether Cp(X)
has the Collins–Roscoe property for any Lindelöf Σ-space X .
In this paper we observe that for any uncountable discrete space D , the space Cp(βD) cannot have the Collins–Roscoe
property. Since Cp(βD) is monotonically monolithic, this answers the two mentioned questions of Gruenhage. We also prove
that if X is a Lindelöf Σ-space and nw(X)  ω1 then Cp(X) has the Collins–Roscoe property and hence it is hereditarily
metalindelöf. This generalizes the respective result of Dow Junnila and Pelant, obtained in [9] for compact spaces X .
The Collins–Roscoe property being stronger than monotone monolithity, it is natural to expect that some questions
which are open for monotone monolithity could be solved positively for the spaces with the Collins–Roscoe property. In
this direction, we proved that any space X with the Collins–Roscoe property is cosmic whenever ω1 is a caliber of X . The
respective question for monotone monolithity, formulated in [1], remains open. We establish, for any Tychonoff space X ,
that if Cp(X) is a Lindelöf Σ-space then X has the Collins–Roscoe property and, in particular, X is hereditarily metalindelöf.
As a consequence, if X and Cp(X) are Lindelöf Σ-spaces then every iterated function space of X is metalindelöf because it
has the Collins–Roscoe property.
1. Notation and terminology
All spaces under consideration are assumed to be Tychonoff. Given a space X , the family τ (X) is its topology and
τ (A, X) = {U ∈ τ (X): A ⊂ U } for any A ⊂ X . Given a point x ∈ X we write τ (x, X) instead of τ ({x}, X). A function N
deﬁned on a space X is a neighborhood assignment on X if, for any x ∈ X , the set N(x) is an open neighborhood of the point
x; let N(A) =⋃{N(x): x ∈ A} for every A ⊂ X . Call X a D-space if, for any neighborhood assignment N on the space X ,
there exists a closed discrete subspace D ⊂ X such that N(D) = X .
Say that a family F of subsets of a space X is a network modulo a cover C if for any C ∈ C and U ∈ τ (C, X) there exists
F ∈ F such that C ⊂ F ⊂ U . If C = {{x}: x ∈ X} then a network modulo C is called a network of X . The network weight
nw(X) of a space X , is the minimal cardinality of a network in X . A space that has a countable network is called cosmic.
A space X is Lindelöf Σ if there exists a countable family F of subsets of X such that F is a network modulo a compact
cover C of the space X . For any space X we denote by υ X its Hewitt realcompactiﬁcation and Cp(X) the set of all real-
valued continuous functions on X endowed with the topology of pointwise convergence. The iterated function spaces of
X are deﬁned as follows: Cp,0(X) = X and Cp,n+1(X) = Cp(Cp,n(X)) for any n ∈ ω. A map f : X → Y is called closed if
it is continuous, surjective and f (A) is closed in Y whenever A is closed in X . A space X is κ-monolithic if nw(A)  κ
whenever A ⊂ X and |A| κ . If Xt is a space for any t ∈ T and a ∈ X =∏t∈T Xt then the σ -product of X with the center a
is the space σ(X,a) = {x ∈ X: |{t ∈ T : x(t) = a(t)}| < ω} ⊂ X .
If X is a space then a family G of subsets of X is called a network at a point x ∈ X if, for any U ∈ τ (x, X) there exists
G ∈ G such that x ∈ G ⊂ U . Given a set A in the space X say that a family N of subsets of X is an external network (base)
of A in X if (all elements of N are open in X and) for any x ∈ A and U ∈ τ (x, X) there exists N ∈ N such that x ∈ N ⊂ U .
Given an inﬁnite cardinal κ , say that a space X is (strongly) monotonically κ-monolithic if, for any set A ⊂ X with |A| κ ,
we can assign an external network (base) O(A) to the set A in such a way that the following conditions are satisﬁed:
(a) |O(A)| κ ;
(b) if A ⊂ B ⊂ X then O(A) ⊂ O(B);
(c) if λ  κ is an ordinal and we have a family {Aα: α < λ} of subsets of X such that α < β < λ implies Aα ⊂ Aβ then
O(⋃α<λ Aα) =
⋃
α<λ O(Aα).
A space X is (strongly) monotonically monolithic if it is (strongly) monotonically κ-monolithic for any inﬁnite cardinal κ .
The rest of the notation is standard and can be found in [10] and [3].
2. The Collins–Roscoe property in general and in function spaces
Since the Collins–Roscoe property implies monotone monolithity, it is natural to ﬁnd out in which situations these two
properties are equivalent and what stronger facts can be proved about the spaces with the Collins–Roscoe property.
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that {G(x): x ∈ X} is a Collins–Roscoe collection if for any x ∈ X and U ∈ τ (x, X) we can ﬁnd an open set V such that
x ∈ V ⊂ U and for any y ∈ V there exists a set P ∈ G(y) with x ∈ P ⊂ U . If a space X has a Collins–Roscoe collection then
we will say that X has the Collins–Roscoe property.
The Collins–Roscoe property was introduced by Collins and Roscoe in their paper [5] where it was called “the property
(G)”. This property was intensively studied in different contexts in [6–8,4,11]. The main emphasis was given to Collins–
Roscoe collections {G(x): x ∈ X} with G(x) ⊂ τ (X) for all x ∈ X . In this case some general metrization theorems were
proved and the relationship with the spaces with point-countable base was studied. Actually, it is still an open problem
whether every space with the Collins–Roscoe collection of open families has a point-countable base (it is not diﬃcult to see
that every space with a point-countable base has such a collection).
Since we plan to study general Collins–Roscoe collections systematically, let us formulate some known general properties
of spaces which have such collections.
2.2. Theorem.
(a) ([5]) The Collins–Roscoe property is hereditary.
(b) ([7]) Every space with the Collins–Roscoe property must be hereditarily metalindelöf.
(c) ([12]) Any space X with the Collins–Roscoe property is monotonically monolithic and hence X is a D-space.
Gruenhage established in [11] that a generalized ordered space has a point-countable base whenever it has a Collins–
Roscoe collection of open families. He also gave the following equivalent of the Collins–Roscoe property which turned out
to be very useful for studying monotonically monolithic spaces and function spaces.
2.3. Theorem. ([12]) For any space X, a collection {G(x): x ∈ X} of countable families of subsets of X has the Collins–Roscoe property
if and only if, for any set A ⊂ X, the family⋃{G(a): a ∈ A} contains a network at every point of A.
Monotone monolithity was studied in papers [1,16,12]. We will see that there are quite a few situations when it coincides
with the Collins–Roscoe property so it is natural to try to prove some analogous results for the spaces with the Collins–
Roscoe property.
2.4. Proposition. If a space X has the Collins–Roscoe property and f : X → Y is a closed map then Y also has the Collins–Roscoe
property.
Proof. For every point x ∈ X choose a family G(x) such that the collection G = {G(x): x ∈ X} witnesses the Collins–Roscoe
property of X . For each y ∈ Y pick a point xy ∈ X with f (xy) = y and let F(y) = { f (G): G ∈ G(xy)}.
To see that {F(y): y ∈ Y } is a Collins–Roscoe family in Y , take any set A ⊂ Y , a point y ∈ A and a set U ∈ τ (y, Y ). For
the set B = {xy: y ∈ A} we have f (B) = A because the map f is closed; take a point x ∈ A such that f (x) = y. There exists
z ∈ A and G ∈ G(xz) such that x ∈ G ⊂ f −1(U ). Then H = f (G) ∈ F(z) and we have y ∈ H ⊂ U so the family ⋃{F(z): z ∈ A}
contains a network at every point of A and hence Y has the Collins–Roscoe property. 
2.5. Proposition. If a space Xi has the Collins–Roscoe property for every i ∈ ω then the product X =∏i∈ω Xi also has the Collins–
Roscoe property.
Proof. For every i ∈ ω let pi : X → Xi be the natural projection and choose a collection Wi = {Wi(x): x ∈ Xi} which
witnesses the Collins–Roscoe property of Xi . Consider the set Yn =∏{Xi: i > n} for each n ∈ ω. Given a point a ∈ X and
n ∈ ω the family Gn(a) = {A0 ×· · ·× An ×Yn: Ai ∈ Wi(pi(a)) for all i  n} is countable so the family G(a) =⋃{Gn(a): n ∈ ω}
is countable as well.
To see that {G(a): a ∈ X} is a Collins–Roscoe collection, take an arbitrary point a ∈ X and U ∈ τ (a, X). We can ﬁnd
n ∈ ω and sets U0, . . . ,Un such that Ui ∈ τ (Xi) for every i  n and a ∈ U0 × · · · × Un × Yn ⊂ U . Given any i  n there exists
a set Vi ∈ τ (pi(a), Xi) which witnesses the Collins–Roscoe property of Xi at the point ai = pi(a) for the set Ui . The set
V = V0 × · · · × Vn × Yn is open in X and a ∈ V ⊂ U .
If b ∈ V then bi = pi(b) ∈ Vi and hence we can ﬁnd a set Q i ∈ Wi(bi) such that ai ∈ Q i ⊂ Ui for every i  n. The set
Q = Q 0 × · · · × Qn × Yn belongs to G(b) and we have a ∈ Q ⊂ U so X has the Collins–Roscoe property. 
2.6. Theorem. Any σ -product of spaces with the Collins–Roscoe property has the Collins–Roscoe property.
Proof. Suppose that a space Xt has the Collins–Roscoe property for any t ∈ T and we ﬁxed an arbitrary point a ∈ X =∏
t∈T Xt . We must prove that the space σ(X,a) = {x ∈ X: |{t ∈ T : x(t) = a(t)}| < ω} has the Collins–Roscoe property. For all
t ∈ T and x ∈ Xt ﬁx a countable family Ft(x) such that {Ft(x): x ∈ Xt} is a Collins–Roscoe collection in the space Xt .
1532 V.V. Tkachuk / Topology and its Applications 159 (2012) 1529–1535For every set S ⊂ T denote by aS the point of XS =∏{Xt : t ∈ S} deﬁned by the equality aS(t) = a(t) for all t ∈ S .
Given a point x ∈ σ(X,a) observe ﬁrst that the set supp(x) = {t ∈ T : x(t) = a(t)} is ﬁnite and therefore the family GS (x) =
{(∏t∈S Q t)×{aT \S}: Qt ∈ Ft(x(t)) for any t ∈ S} is countable for any S ⊂ supp(x). Therefore the family G(x) =
⋃{GS (x): S ⊂
supp(x)} is countable as well. It turns out that the collection {G(x): x ∈ σ(X,a)} witnesses the Collins–Roscoe property of
the space σ(X,a).
To prove it, take any point x ∈ σ(X,a) and U ∈ τ (x, σ (X,a)). There exists a ﬁnite S ⊂ T and a family {Vt : t ∈ S}
such that Vt is open in Xt for each t ∈ S and, for the set V = (∏{Vt : t ∈ S} × XT \S) ∩ σ(X,a), we have x ∈ V ⊂ U . Let
A = {t ∈ T : x(t) = a(t)}. There is no loss of generality to consider that A ⊂ S and a /∈ Vt for every t ∈ A. We can ﬁnd a
family {Wt : t ∈ S} such that, for every t ∈ S , we have Wt ∈ τ (x(t), Xt) and Wt witnesses the Collins–Roscoe property of Xt
at the point x(t) for the set Vt .
The set W = (∏t∈S Wt × XT \S) ∩ σ(X,a) is open in σ(X,a) and we have the inclusions x ∈ W ⊂ V ⊂ U . Take any point
y ∈ W ; then y(t) ∈ Wt for all t ∈ S and, in particular, y(t) = a(t) for any t ∈ A. Denote by B the set {t ∈ T : y(t) = a(t)}; then
A ⊂ B . By our choice of Wt , there exists a set Qt ∈ Ft(y(t)) such that x(t) ∈ Qt ⊂ Vt for all t ∈ S . The set Q =∏{Qt : t ∈
B∩ S}×{aT \(B∩S)} belongs to G(y) and it is straightforward that x ∈ Q ⊂ V ⊂ U so the space σ(X,a) has the Collins–Roscoe
property. 
Recall that ω1 is a caliber of a space X if every point-countable family of non-empty open subsets of X is countable. It is
still an open question (see [1]) whether any monotonically monolithic space X has to be cosmic when ω1 is a caliber of X .
It turns out that a positive answer can be given for the spaces with the Collins–Roscoe property.
2.7. Theorem. If a space X has the Collins–Roscoe property and ω1 is a caliber of X then X is cosmic.
Proof. Fix a countable family G(x) of subsets of X for every x ∈ X such that the collection {G(x): x ∈ X} witnesses the
Collins–Roscoe property of X . It suﬃces to show that X is separable so assume that it is not. Then it is easy to construct
a set {xα: α < ω1} ⊂ X such that xα /∈ {xβ : β < α} for all α < ω1. If Uα = X\{xβ : β < α} then xα ∈ Uα ∈ τ (X) for each
α < ω1.
For every α < ω1 we can ﬁnd a set Vα ∈ τ (xα, X) such that Vα ⊂ Uα and for any y ∈ Vα we have xα ∈ P ⊂ Uα for some
P ∈ G(yα). Observe ﬁrst that the family V = {Vα: α < ω1} is point-countable. Indeed, otherwise there is an uncountable
A ⊂ ω1 and a point z ∈ X such that z ∈⋂{Vα: α ∈ A}. By the choice of the set Vα , there is a set Pα ∈ G(z) such that
xα ∈ Pα ⊂ Uα for any α ∈ A. The family G(z) being countable, there exist α,β ∈ A such that β < α and Pα = Pβ . As a
consequence, xβ ∈ Pβ = Pα ⊂ Uα which contradicts the deﬁnition of Uα .
This proves that the family V is point-countable and hence countable because ω1 is a caliber of X . However, if α < β <
ω1 then xα ∈ Vα\Vβ which shows that Vα = Vβ and hence the elements of V with distinct indices are distinct, i.e., V is
uncountable. This contradiction shows that X is separable and hence cosmic due to monolithity of X . 
2.8. Proposition. If D is an uncountable discrete space then Cp(βD) does not have the Collins–Roscoe property.
Proof. If Dω1 is a discrete space of cardinality ω1 then it is easy to see that βDω1 is a continuous image of βD and hence
Cp(βDω1 ) is homeomorphic to a closed subspace of Cp(βD). Dow, Junnila, and Pelant proved (see [9, Example 2.7]) that
Cp(βDω1 ) is not metalindelöf; as an immediate consequence, the space Cp(βD) is not metalindelöf either. However the
Collins–Roscoe property in a space implies that it is metalindelöf (see [7, Lemma 6]) so the space Cp(βD) does not have
this property. 
The following corollary answers Question 0.5 of [12].
2.9. Corollary. There exist monotonically monolithic spaces which do not have the Collins–Roscoe property.
Proof. If Dω1 is a discrete space of cardinality ω1 then Cp(βDω1 ) does not have the Collins–Roscoe property by Proposi-
tion 2.8. However, Cp(βDω1 ) is monotonically monolithic by [16, Proposition 2.9]. 
2.10. Theorem. Suppose that a monotonically ω-monolithic space Y is the union of at most ω1-many cosmic spaces. Then Y has the
Collins–Roscoe property and, in particular, Y is hereditarily metalindelöf.
Proof. Fix an operator O that witnesses monotone ω-monolithity of Y and take a family {Yα: α < ω1} of cosmic spaces
such that Y =⋃{Yα: α < ω1}. Every Yα has a countable dense set Zα ; if D =⋃{Zα: α < ω1} then |D|  ω1. Choose an
enumeration {dα: α < ω1} of the set D and denote by Dα the set {dβ : β < α}; let Fα = Dα for any α < ω1.
Given any ordinal α < ω1 there exists β < ω1 such that Zα ⊂ Dβ and hence Yα ⊂ Zα ⊂ Dβ = Fβ . This proves that⋃{Fα: α < ω1} = Y . For every point x ∈ Y let ξ(x) be the smallest ordinal α such that x ∈ Fα ; then the family G(x) =
O(Dξ(x)) is countable. It turns out that the collection {G(x): x ∈ Y } witnesses the Collins–Roscoe property of the space Y .
V.V. Tkachuk / Topology and its Applications 159 (2012) 1529–1535 1533To see it, take any set A ⊂ X and a point x ∈ A. If there exists a point a ∈ A such that ξ(a) ξ(x) then G(a) = O(Dξ(a)) ⊃
O(Dξ(x)) contains a network at the point x because so does O(Dξ(x)). If there exists an ordinal γ such that ξ(a) γ < ξ(x)
for any a ∈ A then A ⊂ A ⊂ Fγ ; since x /∈ Fγ , this is a contradiction.
Therefore we can assume, without loss of generality, that ξ(a) < ξ(x) for every a ∈ A and ξ(x) = sup{ξ(a): a ∈ A}. Choose
a set {an: n ∈ ω} ⊂ A such that the sequence {ξ(an): n ∈ ω} is increasing and ξ(x) = sup{ξ(an): n ∈ ω}. Let β = ξ(x);
since O is a monotone ω-monolithity operator, we have the equalities O(Dβ) =⋃{O(Dξ(an)): n ∈ ω} =
⋃{G(an): n ∈ ω}.
Therefore the family
⋃{G(a): a ∈ A} ⊃⋃{G(an): n ∈ ω} = O(Dβ) contains a network at the point x so the space Y has the
Collins–Roscoe property. 
2.11. Corollary. Assume that a space Y is monotonically ω-monolithic, d(Y )  ω1 and t(Y )  ω. Then Y has the Collins–Roscoe
property and, in particular, Y is hereditarily metalindelöf.
Proof. Take a dense set D ⊂ Y such that |D| ω1. If {dα: α < ω1} is an enumeration of D then let Dα = {dβ : β < α} for
every α < ω1. The set Fα = Dα is cosmic for each α < ω1 and it follows from t(Y )  ω that ⋃{Fα: α < ω1} = Y . Finally
apply Theorem 2.10 to conclude that the space Y has the Collins–Roscoe property. 
Dow, Junnila and Pelant proved (see [9, Theorem 1.2]) that if a compact space X has weight not exceeding ω1 then Cp(X)
is hereditarily metalindelöf. Since every space with the Collins–Roscoe property is metalindelöf, the following statement is
a generalization of their result.
2.12. Corollary. If X is a Lindelöf Σ-space and nw(X)ω1 then Cp(X) has the Collins–Roscoe property and hence Cp(X) is heredi-
tarily metalindelöf.
Proof. If Y = Cp(X) then t(Y ) = ω and Cp(X) is monotonically monolithic by [16, Proposition 2.9]. Besides, d(Y ) nw(Y ) =
nw(X)ω1 so Corollary 2.11 completes the job. 
2.13. Corollary. Suppose that X is a space with nw(X)  ω1 and Cp(X) is a Lindelöf Σ-space. Then Cp(X) has the Collins–Roscoe
property and hence it is hereditarily metalindelöf.
Proof. The spaces υ X and Cp(υ X) must be Lindelöf Σ by [13, Theorem 3.5] and [14, Theorem 2.3]; this shows that the
space υ X is monolithic. Since X is dense in υ X and d(υ X) d(X) nw(X)ω1, we convince ourselves that nw(υ X)ω1.
As a consequence, d(Cp(υ X))  nw(Cp(υ X)) = nw(υ X)  ω1 and hence we can choose a dense subset D of the space
Cp(υ X) with |D|ω1.
If {dα: α < ω1} is an enumeration of D then let Dα = {dβ : β < α} for every α < ω1. The set Fα = Dα is cosmic for
each α < ω1 and it follows from t(Cp(υ X))  ω that
⋃{Fα: α < ω1} = Cp(υ X). Since Cp(X) is a continuous image of
Cp(υ X), the space Cp(X) can also be represented as the union of at most ω1-many cosmic subspaces. Besides, Cp(X) is
monotonically ω-monolithic by [1, Corollary 2.16] so we can apply Theorem 2.10 to conclude that Cp(X) has the Collins–
Roscoe property. 
Gruenhage established in the paper [12] that every Gul’ko compact space X has the Collins–Roscoe property. His proof
involved elementary submodels and weakly σ -point-ﬁnite T0-separating families of cozero subsets of X . The following result
shows that compactness of X can be weakened to the Lindelöf Σ-property; our proof does not use elementary submodels.
Recall that a family A of subsets of a space X is T0-separating if for any distinct points x, y ∈ X there exists A ∈ A such
that A∩{x, y} is a singleton. A family U =⋃{Un: n ∈ ω} of subsets of X is called weakly σ -point-ﬁnite if for any point x ∈ X
we have the equality U =⋃{Un: the family Un is point-ﬁnite at x}.
2.14. Theorem. Suppose that X is a Lindelöf Σ-space and there exists a weakly σ -point-ﬁnite T0-separating family of cozero subsets
of X . Then the space X has the Collins–Roscoe property and, in particular, it is hereditarily metalindelöf.
Proof. Fix a countable network N with respect to a compact cover C of the space X . Let U =⋃{Un: n ∈ ω} be a weakly
σ -point-ﬁnite T0-separating family of cozero subsets of X . For every set U ∈ U ﬁx a family {Hn(U ): n ∈ ω} of open subsets
of X such that
⋃
n∈ω Hn(U ) = U and Hn(U ) ⊂ Hn+1(U ) for each n ∈ ω.
Given a point x ∈ X let Nx = {n ∈ ω: the family Un is point-ﬁnite at x}; we will also need the family U+n (x) = {U ∈
Un: x ∈ U } for each n ∈ ω. If U ∈ U+n (x) then m(x,U ) is the minimal natural number m such that x ∈ Hm(U ). Observe that
the set Q mn (x) = X\
⋃{Hm(U ): U ∈ Un and x /∈ Hm(U )} is closed in X for all m,n ∈ ω. The family
G0(x) =
{
Hm(U ): m ∈ ω, U ∈ U+n (x), n ∈ Nx
}∪ {Q mn (x): n ∈ Nx, m ∈ ω
}
is countable and consists of closed subsets of the space X . Therefore the family G(x) of all ﬁnite intersections of the elements
of G0(x)∪N is also countable. We are going to show that the collection {G(x): x ∈ X} witnesses the Collins–Roscoe property
of the space X .
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family
E = {Hm(x,U )(U ): U ∈ U+n (x), n ∈ Nx
}∪ {Q mn (x): n ∈ Nx, m ∈ ω
}
separates x from any other point of X . By compactness of C\U , there exists a ﬁnite subfamily H of the family E such that
(
⋂H) ∩ (C\U ) = ∅. As a consequence, we can ﬁnd a ﬁnite set M ⊂ Nx , a number m ∈ ω and a ﬁnite family Vn ⊂ Un for
every n ∈ Nx such that, for the family
W = {Hm(x,U )(U ): U ∈ U+n (x) and n ∈ M
}∪ {X\Hm(V ): V ∈ Vn, n ∈ M
}
,
we have x ∈ F =⋂W ⊂ X\(C\U ) and x /∈ Hm(V ) for any V ∈ Vn and n ∈ M . By normality of X we can choose disjoint open
sets V0 and V1 such that F ⊂ V0 and C\U ⊂ V1. There exists E ∈ N such that C ⊂ E ⊂ U ∪ V1 and therefore x ∈ E ∩ F ⊂ U .
It follows from x ∈ A that we can choose a point a ∈ A such that
a ∈ Hm(x,U )(U )\Hm(V ) for all U ∈ U+n (x), n ∈ M and V ∈ Vn. (1)
This implies that U ∈ U+n (a) for any U ∈ U+n (x) and n ∈ M and therefore the set D0 =
⋂{Hm(x,U )(U ): U ∈ U+n (x) and
n ∈ M} belongs to G(a). Next observe that Q mn (a) ⊂
⋂{X\Hm(V ): V ∈ Vn} for any n ∈ M and hence
D1 =
⋂{
Q mn (a): n ∈ M
}⊂
⋂{
X\Hm(V ): V ∈ Vn and n ∈ M
}
.
The set D = D0 ∩ D1 ∩ E belongs to G(a) and it is immediate that D ⊂ E ∩ F ⊂ U .
It requires no proof to see that x ∈ D0∩ E . Assume for a moment that x /∈ D1. Then there exists n ∈ M such that x /∈ Q mn (a)
and hence x ∈ Hm(U ) for some U ∈ Un for which a /∈ Hm(U ). Therefore U ∈ U+n (x) and hence mm(x,U ) by the choice of
m(x,U ) so (1) implies that a ∈ Hm(x,U )(U ) ⊂ Hm(U ) and hence a ∈ Hm(U ) which is a contradiction.
Thus x ∈ D ⊂ U and D ∈ G(a) which shows that ⋃{G(a): a ∈ A} contains a network at x so X indeed has the Collins–
Roscoe property. 
Gruenhage asked in [12] whether the Lindelöf Σ-property of a space X implies that Cp(X) has the Collins–Roscoe
property. Although Proposition 2.8 shows that the answer in general is negative, the following result describes a wide class
of spaces for which all iterated function spaces have the Collins–Roscoe property.
2.15. Corollary. If X and Cp(X) are Lindelöf Σ-spaces then Cp,n(X) has the Collins–Roscoe property and hence it is hereditarily
metalindelöf for all n ∈ ω.
Proof. Take any n ∈ ω; it follows from [13, Corollary 2.11] that Cp,n+1(X) and Cp,n(X) are Lindelöf Σ-spaces; besides, it
was proved in [15, Corollary 4.12] that Cp,n(X) has a weakly σ -point-ﬁnite T0-separating family of cozero subsets. Now
apply Theorem 2.14 to see that Cp,n(X) has the Collins–Roscoe property. 
2.16. Corollary. If Cp(X) is a Lindelöf Σ-space then the space Cp,2n(X) has the Collins–Roscoe property and hence it is hereditarily
metalindelöf for all n ∈ ω.
Proof. Let us prove ﬁrst that
if Cp(Z) is a Lindelöf Σ-space then Z has the Collins–Roscoe property. (2)
Apply [13, Theorem 3.5] to see that υ Z is a Lindelöf Σ-space. Since also Cp(υ Z) is Lindelöf Σ by [14, Theorem 2.3], we
can apply Corollary 2.15 to conclude that υ Z has the Collins–Roscoe property. The Collins–Roscoe property being hereditary,
the proof of (2) is complete. Now, if n ∈ ω then Cp,2n+1(X) is a Lindelöf Σ-space by [14, Theorem 2.5] so we can apply (2)
to convince ourselves that Cp,2n(X) has the Collins–Roscoe property. 
2.17. Corollary. If Cp(Cp(X)) is a Lindelöf Σ-space then the space Cp,2n+1(X) has the Collins–Roscoe property and hence it is heredi-
tarily metalindelöf for all n ∈ ω.
Proof. Apply Corollary 2.16 to the space Y = Cp(X). 
3. Open problems
The topic of this paper being new, the unsolved problems are more numerous than the solved ones. We give below the
list of questions we could not answer while working on this paper.
3.1. Problem. Suppose that X is a Corson compact space. Must the space Cp(X) have the Collins–Roscoe property?
V.V. Tkachuk / Topology and its Applications 159 (2012) 1529–1535 15353.2. Problem. Is it true that every strongly monotonically monolithic space has the Collins–Roscoe property?
3.3. Problem. Is it true that every strongly monotonically monolithic space is metalindelöf?
3.4. Problem. Suppose that Cp(X) has the Collins–Roscoe property. Must X be Lindelöf?
3.5. Problem. Suppose that Cp(X) has the Collins–Roscoe property. Must X be Lindelöf Σ?
3.6. Problem. Suppose that Cp(X) is a Lindelöf Σ-space. Is it true that Cp(X) has the Collins–Roscoe property?
3.7. Problem. Suppose that Cp(X) is a Lindelöf Σ-space. Is it true that every subspace Y ⊂ Cp(X) is a D-space?
3.8. Problem. Suppose that Cp(X) is a Lindelöf Σ-space. Is it true that every subspace Y ⊂ Cp(X) is metalindelöf?
3.9. Problem. Suppose that a compact space X has the Collins–Roscoe property and c(X) = ω. Must X be metrizable?
3.10. Problem. Suppose that X is a Lindelöf Σ-space with the Collins–Roscoe property. Is it true that X can be condensed
into a Σ-product of real lines?
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